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We comment on the consistence of the epsilon anti-symmetric tensor adopted in [R. Banerjee 
and S. Kulkarni, arXiv:0707.2449 when it is generalized in the general case where \J—g 7^ 1. It is 
pointed out that the correct non-minimal consistent gauge and gravitational anomalies should by 
multiplied a factor y/— g 7^ 1. We also sketch the generalization of their work to the y/—g 7^ 1 case. 
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PACS numbers: 04.62. +v, 04.70.Dy, ll.30.-j 

Comment on "Hawking Radiation and Covari- 
ant Anomalies" 

In a recent paper [l[ , Banerjee and Kulkarni suggested 
that it is conceptually clean and economical to use only 
covariant gauge and gravitational anomalies to derive 
Hawking radiation from charged black holes Q ■ Here we 
point out that while their work is self-consistent in the 
case of the metric determinant \f—< 



, 9 = \f-9tt9rr = 1, 
a potential ambiguity will arise in the definition of the 
epsilon anti-symmetric tensor when y/ —g 7^ 1. We then 
remove this vagueness and present the correct expres- 
sions for the non-minimal consistent gauge and gravita- 
tional anomalies. Subsequently, we sketch the generaliza- 
tion of their work to derive the charge flux and energy- 
momentum flow in the most general diagonal metric case 
where y/— g 7^ 1. 

Without loss of generality, let's consider the most gen- 
eral two-dimensional non-extremal metric given by 



ds 2 



f(r)dt 2 - h{r)- x dr 2 



(I) 



Here we assume f(r + ) = h(r + ) = and \f zr g = \/ f/h 
is regular at the horizon r = r + . Then we define the 
two dimensional antisymmetric tensors, e^ v = e^ v / \J—g 
and = y/ — ge^ for the upper and the lower cases, 
respectively, together with e 01 = e 10 = 1. In terms of the 
usual Pauli matrices (Tj's, the 7- matrices and 75-matrix 
are explicitly given by, 7 = CT2/VJ, 7 1 = iVha±, 70 = 
VT&2, 7i = -i<ri/Vh, and 75 = 7071/V-S = -fa- 
Using the property of 7- matrices, 757^ = — £^"7,,, it is 
easy to check that the chiral current 



^ = ^(~2^) 7/V = ^( g V ) 7 ^' (2) 

satisfies a constraint condition, e all J^ L — TJa- 

The minimal form of the consistent gauge anomaly is 



V = ± — 



e a ^d a A p = ±^-e^d a Ap , (3) 



where +(— ) corresponds to left(right)-handed fields, re- 
spectively. Adding a local polynomial to the consistent 
current J^ 1 , then the current J* = + e 2 / (Att) is still 



consistent and should obey the anomalous equation 



v„ J" = ±4^=^ [V=g{e aP ± g aP )A p ] . (4) 



This is a non-minimal form for the consistent anomaly in- 
cluding the normal parity terms. Both consistent anoma- 
lies will obey the same equation once if the Lorentz gauge 
condition V M ^4 M = is imposed. The new consistent cur- 
rent can be further modified, by adding a local polyno- 
mial, to define a covariant current 



JM = JM T —AjE u > 1 ±g Ufl ), 

4-7T V ' 

which yields the gauge covariant anomaly 



(5) 



=t afi F aS3 = ±Z-e a ' i F . ( 6) 
-g 47r 



The minimal form of the consistent gravitational 
anomaly, for right handed fields, is 



J38 08 

V M Tt = ^-^=d s d a T^ = g^dtdcTZp . (7) 



QQuy/— g 



Including the normal parity terms, the non-minimal form 
for the consistent gravitational anomaly should read 



V — - 



d s d a 



/ =5(^ + 5 /M )r?J. (8) 



Special care should be taken for the anti-symmetric 
tensor e M „ in the covariant gravitational anomaly 



1 



967r^/— g 



(9) 



where = g m Svfi^ = V^ge^ = ~9 e ^ should be 
understood, in accordance with the conventions adopted 
in @,[3. 

Finally, the classical energy momentum tensor is trace- 
less, due to an identity T\ — e ^T^, following from the 
chirality constraint. 

The derivation of Hawking flux via covariant anoma- 
lies is completely parallel with the y/—g = 1 case except 



2 



some modifications as follows. All J r and f r t appearing 
in [l[ should be replaced by \J—gJ r and y/ ZI gf r t , respec- 
tively. Accordingly, the operator V M in Eqs. (22) and 
(31) should be multiplied by the factor \f^g also. 
The surface gravity calculated by this method is 



-487^(7 + ) , 



96tt V f + 2 k f 



(10) 
(11) 



Since /(r+) = h(r+) = 0, we find that N \{r + ) = 
T§kJ (r+)h'(r + ), and sok = ±^//'(r + )/i'(r+), in agree- 
ment with that obtained in [3j. 
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